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Vector fields on osp2m|2n(C)- and
pispn(C)-flag supermanifolds1
E.G.Vishnyakova
Abstract
The paper is devoted to a computation of the Lie superalgebras of
holomorphic vector fields on isotropic flag supermanifolds of maximal
type corresponding to the Lie superalgebras osp2m|2n(C) and pispn(C).
The result is that under some restrictions on the flag type any holo-
morphic vector field is fundamental with respect to the natural action
of the Lie superalgebras osp2m|2n(C) or pispn(C).
1 Introduction
Yu.I. Manin [Man] constructed four series of complex homogeneous super-
manifolds that correspond to four series of linear Lie superalgebras: glm|n(C),
ospm|2n(C), pispn(C) and qn(C). (For definitions of these Lie superalgebras we
refer to [Kac], see also Section 2.) These supermanifolds are super-analogues
of classical flag manifolds. In this paper we calculate the Lie superalgebras of
global holomorphic vector fields on isotropic flag supermanifolds of maximal
type that correspond to the Lie superalgebras osp2m|2n(C) and pispn(C). We
prove that under some restrictions on the flag type all such vector fields are
fundamental with respect to the natural action of the corresponding Lie su-
peralgebra. We use induction and a similar result for super-Grassmannians
that was obtained in [OS2, OS3]. For isotropic flag supermanifolds and even
for super-Grassmannians of non-maximal type an analogous result is not
known so far. The Lie superalgebra of holomorphic vector fields on super-
Grassmannians corresponding to the Lie superalgebras glm|n(C) and qn(C)
were studied in [OS1, O1] and a similar question in the case of flag super-
manifolds were studied in [V1, V2].
The orthosymplectic Lie superalgebra ospm|2n(C) is the linear Lie super-
algebra that annihilates a non-degenerate even symmetric bilinear form in
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Cm|2n. The Lie superalgebra pispn(C) is the linear Lie superalgebra that an-
nihilates a non-degenerate odd skew-symmetric bilinear form in Cn|n. (For a
detailed description of these Lie superalgebras see Section 2.)
We denote by Fk|l the flag supermanifold of type k|l in the vector super-
space Cm|n, see [Man] and also [V1]. Here k = (k0, . . . , kr) and l = (l0, . . . , lr)
such that
0 ≤ kr ≤ . . . ≤ k0 = m, 0 ≤ lr . . . ≤ l0 = n,
0 < kr + lr < . . . < k0 + l0 = m+ n.
(1)
This flag supermanifold corresponds to the Lie superalgebra glm|n(C). The
number r is called the length of Fk|l. We denote by F
e
k|l the isotropic flag
supermanifold in Cm|2n corresponding to ospm|2n(C) and by F
o
k|l the isotropic
flag supermanifold in Cn|n corresponding to pispn(C). Here the subscripts e
and o in Fek|l and F
o
k|l come from “even” and “odd”.
The idea of the proof is the following. For r > 1 the flag supermanifolds
Fek|l and F
o
k|l are the total spaces of holomorphic superbundles with the base
spaces that are isomorphic to the isotropic super-Grassmannians and with
the fibers that are isomorphic to the flag supermanifold Fk′|l′ of length r−1.
Here k′ = (k1, . . . , kr) and l
′ = (l1, . . . , lr). Hence to obtain the result we
can use induction and the results about Lie superalgebaras of holomorphic
vector fields on super-Grassmannians [OS2, O1] and on flag supermanifolds
Fk′|l′ from [V1].
We set pglm|n(C) := glm|n(C)/z(glm|n(C)), where z(glm|n(C)) is the center
of glm|n(C). The main result of this paper was announced in [V4]. It is the
following.
Theorem 1. Let r > 1.
1. Assume that m = k1, n = l1; (ki, li) 6= (ki−1, 0), (0, li−1), i ≥ 2, k1 ≥
1, l1 ≥ 1 and v(Fk′|l′) ≃ pglk1|l1(C). Then
v(Fek|l) ≃ osp2m|2n(C).
2. Assume that n = k1 + l1; (ki, li) 6= (ki−1, 0), (0, li−1), i ≥ 2; , k1 ≥ 3,
l1 ≥ 2 and v(Fk′|l′) ≃ pglk1|l1(C). Then
v(Fok|l) ≃ pispn(C).
The Lie superalgebras of holomorphic vector fields on the flag super-
manifolds Fk|l and ΠFk|k corresponding to glm|n(C) and qn(C), respectively,
were calculated in [V1, V2]. We obtained there the following result.
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Theorem 2. A. Assume that r > 1 and that we have the following restric-
tions on the flag type:
(ki, li) 6= (ki−1, 0), (0, li−1), i ≥ 2;
(ki−1, ki|li−1, li) 6= (1, 0|li−1, li−1 − 1), (1, 1|li−1, 1), i ≥ 1;
(ki−1, ki|li−1, li) 6= (ki−1, ki−1 − 1|1, 0), (ki−1, 1|1, 1), i ≥ 1;
k|l 6= (0, . . . , 0|n, l2, . . . , lr), k|l 6= (m, k2, . . . , kr|0, . . . , 0).
Then
v(Fk|l) ≃ pglm|n(C).
If k|l = (0, . . . , 0|n, l2, . . . , lr) or k|l = (m, k2, . . . , kr|0, . . . , 0), then
v(Fk|l) ≃Wmn ⊂+(
∧
(ξ1, . . . , ξmn)⊗ pgln(C)),
where Wmn = Der
∧
(ξ1, . . . , ξmn).
B. Assume that r > 1, then for any k
v(ΠFk|k) ≃ qn(C)/z(qn(C)),
where z(qn(C)) is the center of qn(C).
2 Examples of Lie supergroups and Lie su-
peralgebras
A Lie supergroup is a group object in the category of supermanifolds.
As in the classical Lie theory we can assign the Lie superalgebra to any Lie
supergroup. For more information about Lie supergroups see for example
[V5]. Further we will need a description of some classical Lie supergroups
and their Lie superalgebras.
The general Lie supergroup GLm|n(C) is an open subsupermanifold in the
superdomain
Matm|n(C) =
{(
X11 X12
X21 X22
)}
.
Here we consider the elements of the matrices X11 ∈ Matm(C) and X22 ∈
Matn(C) as even coordinates of the superdomain Matm|n(C) and the elements
of the matrices X12, X21 as odd ones. The subsupermanifold GLm|n(C) is
defined by the following equations
detX11 6= 0 and detX22 6= 0.
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The multiplication in the Lie supergroup GLm|n(C) is given by the usual
matrix multiplication.
The Lie superalgebra glm|n(C) of GLm|n(C) has the following form:
glm|n(C) =
{(
A11 A12
A21 A22
)}
,
where A11, A12, A21 and A22 are matrices of complex numbers of size m×m,
m× n, n×m and n×n, respectively. The even part glm|n(C)0¯ of glm|n(C) is
determined by the equations A12 = 0, A21 = 0, and the odd part glm|n(C)1¯ is
given by A11 = 0, A22 = 0. The multiplication in this Lie superalgebra has
the form:
[X, Y ] = XY − (−1)p(X)p(Y )Y X,
where X, Y are homogeneous elements in glm|n(C) and p(Z) is the parity of
Z. The center z(glm|n(C)) of glm|n(C) contains all matrices αEm+n, where
α ∈ C and Em+n is the identity matrix of size m+ n. By definition we put
pglm|n(C) := glm|n(C)/z(glm|n(C)).
Consider the following two classical Lie subsuperalgebras in glm|n(C).
(1) The Lie superalgebra ospm|2n(C) is a Lie subsuperalgebra in glm|2n(C)
that annihilates a non-degenerate even symmetric bilinear form β in Cm|2n.
The matrix Γ of β in the standard basis in Cm|2n for even and odd m is given
respectively by
Γ =


0 Es 0 0
Es 0 0 0
0 0 0 En
0 0 −En 0

 , Γ =


0 Es 0 0 0
Es 0 0 0 0
0 0 1 0 0
0 0 0 0 En
0 0 0 −En 0

 . (2)
Here m = 2s or m = 2s+ 1. Explicitly we have
osp2s|2n(C) =




A11 A12 C11 C12
A21 −AT11 C21 C22
−CT22 −C
T
12 B11 B12
CT21 C
T
11 B21 −B
T
11

 ,
AT21 = −A21,
AT12 = −A12,
BT12 = B12,
BT21 = B21

 , (3)
and
osp2s+1|2n(C) =




A11 A12 G1 C11 C12
A21 −AT11 G2 C21 C22
−GT2 −G
T
1 0 G3 G4
−CT22 −C
T
12 −G
T
4 B11 B12
CT21 C
T
11 G
T
3 B21 −B
T
11

 ,
AT21 = −A21,
AT12 = −A12,
BT12 = B12,
BT21 = B21


.
(4)
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Here A11, B11 are square matrices of size s and n, respectively. The cen-
ter z(ospm|2n(C)) of ospm|2n(C) is trivial. The corresponding connected Lie
supergroup we will denote by OSpm|2n(C). This is a subsupermanifold in
GLm|2n(C) that is given by the following equation:(
X11 X12
X21 X22
)ST
Γ
(
X11 X12
X21 X22
)
= Γ,
where (
X11 X12
X21 X22
)ST
=
(
XT11 X
T
21
−XT12 X
T
22
)
.
and T is the usual transposition.
(2) The Lie superalgebra pispn(C) ⊂ gln|n(C) is a Lie subsuperalgebra in
gln|n(C) that annihilate a non-degenerate odd skew-symmetric bilinear form
γ in Cn|n. The matrix Υ of γ in the standard basis in Cn|n has the following
form:
Υ =
(
0 En
En 0
)
. (5)
Then we have
pispn(C) =
{(
A B
C −AT
)
, BT = B, CT = −C
}
, (6)
where A, B, C are square matrices of size n. The center z(pispn(C)) of
pispn(C) is trivial. We will denote the corresponding connected Lie super-
group by ΠSpn(C). This is a subsupermanifold in GLn|n(C) that is given by
the following equation:(
X11 X12
X21 X22
)ST
Υ
(
X11 X12
X21 X22
)
= Υ.
3 Flag supermanifolds
An introduction to the theory of supermanifolds can be found in [BL,
CCF, L, Man]. Throughout this paper we will be interested in the complex-
analytic version of the theory. A complex-analytic supermanifold of dimension
p|q is a Z2-graded ringed space that is locally isomorphic to a complex-
analytic superdomain of dimension p|q, this is to a ringed space of the form
U = (U0,FU0⊗C
∧
(q)). Here FU0 is the sheaf of holomorphic functions on an
open set U0 ⊂ Cp and
∧
(q) is the Grassmann algebra with q generators. We
will denote a supermanifold byM = (M0,OM), whereM0 is the underlying
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complex-analytic manifold and OM is the structure sheaf ofM. A morphism
of complex-analytic supermanifolds M to N is a pair f = (f0, f ∗), where
f0 : M0 → N0 is a holomorphic map and f
∗ : ON → (f0)∗(OM) is a
homomorphism of sheaves of superalgebras. We denote by T = Der (OM)
the sheaf of holomorphic vector fields on M. The sheaf T is a sheaf of Lie
superalgebras with respect to the following multiplication
[X, Y ] = XY − (−1)p(X)p(Y )Y X.
The global sections of T are called holomorphic vector fields on M. We will
denote the Lie superalgebra of global holomotphic vector fields by v(M).
It is known that the Lie superalgebra v(M) is finite dimensional if M0 is
compact. (A proof of this fact can be found for instance in [V1].)
glm|n(C)-flag supermanifolds. We fix two sets of non-negative integers
k = (k0, . . . , kr) and l = (l0, . . . , lr) such that (1) holds. Let us recall the
definition of a flag supermanifold Fk|l in the superspace C
m|n, see [Man] and
also [V1]. We use definitions and notations from [V1]. The only difference is
that in this paper for convenience we denote by Fk|l the flag supermanifold
of type k|l, where k = (k0, . . . , kr) and l = (l0, . . . , lr) and we assume that
k0 = m and l0 = n. In [V1] this supermanifold was denoted by F
m|n
k|l . The
underlying space of the supermanifold Fk|l is the product Fk×Fl of two flag
manifolds of types k and l, respectively.
Let us describe an atlas on Fk|l, see [V1] for details. We fix two subsets
Is0¯ ⊂ {1, . . . , ks−1} and Is1¯ ⊂ {1, . . . , ls−1} such that |Is0¯| = ks, and |Is1¯| = ls,
where s = 1, . . . , r, and we put Is := (Is0¯, Is1¯) and I := (I1, . . . , Ir). To any
such Is we assign the following (ks−1 + ls−1)× (ks + ls)-matrix
ZIs =
(
Xs Ξs
Hs Ys
)
, s = 1, . . . , r. (7)
We assume that the matrices Xs = (x
s
ij) and Ys = (y
s
ij) in (7) have size
(ks−1 × ks) and (ls−1 × ls), respectively, and that ZIs contains the identity
submatrix Eks+ls of size (ks+ ls)× (ks+ ls) in the lines with numbers i ∈ Is0¯
and ks−1 + i, i ∈ Is1¯. For example, if Is0¯ = {ks−1 − ks + 1, . . . , ks−1},
Is1¯ = {ls−1 − ls + 1, . . . , ls−1}, then the matrix ZIs has the following form:
ZIs =


Xs Ξs
Eks 0
Hs Ys
0 Els

 .
Here we denote by Eq the identity square matrix of size q. To simplify
notations we use the same letters Xs, Ys, Ξs and Hs as in (7).
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The matrices (7) determine the superdomain UI with even coordinates xsij
and ysij, and odd coordinates ξ
s
ij and η
s
ij . The transition functions between
two superdomains UI and UJ , where I = (Is) and J = (Js), are defined in
the following way:
ZJ1 = ZI1C
−1
I1J1
, ZJs = CIs−1Js−1ZIsC
−1
IsJs
, s ≥ 2. (8)
The matrix CI1J1 is an invertible submatrix in ZI1 that consists of the lines
with numbers i ∈ J10¯ and k0 + i, where i ∈ J11¯, and CIsJs is the invertible
submatrix in CIs−1Js−1ZIs that consists of the lines with numbers i ∈ Js0¯ and
ks−1+i, where i ∈ Js1¯, see [V1] for details. Now the atlas on Fk|l is described.
The supermanifold Fk|l is called the flag supermanifold of type k|l. In case
r = 1 this supermanifold is called the super-Grassmannian and sometimes it
is denoted in the literature by Grm|n,k|l.
Recall that we denote by glm|n(C) the general Lie superalgebra of the
superspace Cm|n and by GLm|n(C) the connected Lie supergroup of the Lie
superalgebra glm|n(C). In [Man] an action of GLm|n(C) on Fk|l is defined.
Let us recall this definition in our notations and in our atlas. Let
L =
(
L11 L12
L21 L22
)
be a coordinate matrix of the Lie supergroup GLm|n(C). Then the action of
GLm|n(C) on Fk|l in our coordinates is given by the following formulas:
(L, (ZI1, . . . , ZIr)) 7−→ (Z˜J1, . . . , Z˜Jr), (9)
where Z˜J1 = LZI1C
−1
1 and Z˜Js = Cs−1ZIsC
−1
s . Here C1 is the invertible
submatrix in LZI1 that consists of the lines with numbers i ∈ J10¯ and m+ i,
where i ∈ J11¯, and Cs, where s ≥ 2, is the invertible submatrix in Cs−1ZIs
that consists of the lines with numbers i ∈ Js0¯ and ks−1 + i, where i ∈ J1¯s.
This Lie supergroup action induces the following Lie superalgebra homomor-
phism
µ : glm|n(C)→ v(Fk|l).
ospm|2n(C)- and pispn(C)-flag supermanifolds. We can assign to the Lie
superalgebras ospm|2n(C) and pispn(C) isotropic flag supermanifolds F
e
k|l and
Fok|l, respectively. The underlying spaces of these supermanifolds are the
manifolds of isotropic flags with respect to the form β and γ, see Section 2.
In case r = 1 these supermanifolds are called isotropic super-Grassmannians.
These supermanifolds were studied in [OS2, O1]. Let us describe the super-
manifolds Fek|l and F
o
k|l using charts and local coordinates.
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The supermanifold Fek|l, where l0 is even, is a subsupermanifold of Fk|l
that is given in local coordinates (7) by the following equation:(
X1 Ξ1
H1 Y1
)ST
Γ
(
X1 Ξ1
H1 Y1
)
= 0, (10)
where Γ is as in (2) and ST is the supertransposition, see Section 2. In case
m = 2k1 or m = 2k1 + 1 and n = l1, we say that the supermanifold F
e
k|l has
maximal type. The subsupermanifold Fok|l of the supermanifold Fk|l is given
in the local coordinates (7) by the following equation:(
X1 Ξ1
H1 Y1
)ST
Υ
(
X1 Ξ1
H1 Y1
)
= 0, (11)
where Υ is as (5). In case n = k1 + l1, we say that the supermanifold F
o
k|l
has maximal type.
There are transitive actions µe and µo of the Lie supergroups OSpm|2n(C)
and ΠSpn(C) on F
e
k|l or F
o
k|l, respectively. It is given by (9), if we replace
L by a coordinate matrix of the Lie supergroup OSpm|2n(C) or ΠSpn(C),
respectively. This action induces the homomorphism of Lie superalgebras
µe : ospm|2n(C)→ v(F
e
k|l) and µo : pispn(C)→ v(F
o
k|l).
4 Vector fields on a superbundle
For computation of the Lie superalgebra of holomorphic vector fields on
isotropic flag supermanifolds we will use the following fact. For r > 1 the
isotropic flag supermanifold Fek|l is a superbundle with the base space that
is isomorphic to the isotropic super-Grassmannian Fek0,k1|l0,l1 and with the
fiber that is isomorphic to Fk′|l′. Similarly, for r > 1 the isotropic flag
supermanifold Fok|l is a superbundle with the base spaces F
o
k0,k1|l0,l1
and the
fiber Fk′|l′. (A similar statement holds for Fk|l, see [V1] for details.) In
local coordinates that we introduced the bundle projection say pi is given
by (Z1, Z2, . . . Zn) 7−→ (Z1). Moreover, from Formulas (9) we can deduce
that the projection pi is equivariant with respect to the action of the Lie
supergroups OSpm|2n(C) and ΠSpn(C) on F
e
k|l and F
o
k|l, respectively.
We will need some facts about vector fields on superbundles.
Definition 1. Let pi = (pi0, pi
∗) : M → N be a morphism of holomorphic
supermanifolds. A vector field v ∈ v(M) is called projectible with respect to
pi, if there exists a vector field v1 ∈ v(N ) such that pi∗(v1(f)) = v(pi∗(f)) for
all f ∈ ON . In this case we say that v is projected to v1.
8
Denote the Lie superalgebra of projectible vector fields by v(M). Assume
that pi = (pi0, pi
∗) :M→N is the projection of a holomorphic superbundle.
Then the homomorphism pi∗ : ON → pi∗(OM) is injective and any projectible
vector field v is projected into a unique vector field v1 = P(v). Hence we
have the following homomorphism of Lie superalgebras
P : v(M)→ v(N ), v 7→ v1.
A vector field v ∈ v(M) is called vertical, if P(v) = 0. The Lie subalgebra
KerP is an ideal in v(M).
If S is a supermanifold, then the global sections OS(S0) of the structure
sheaf OS are also called holomorphic functions on S.
Proposition 1. [B] Let p :M→ B be the projection of a superbundle with
fiber S = (S0,OS). Assume that OS(S0) = C, then any global holomorphic
vector field on M is projectible.
Let pi :M→ B be a superbundle with the fiber S. We denote by W the
sheaf of vertical holomorphic vector fields. It is a sheaf of the base space B0
of B. More precisely, to any open set U ⊂ B0 we assign the set of all vertical
vector fields on the supermanifold (pi−10 (U),OM).
Proposition 2. [V6] Assume that the base space S0 of the fiber S is com-
pact. Then W is a locally free sheaf of OB-modules and dimW = dim v(S).
By definition we have W(B0) = KerP. In [V1] we described the corre-
sponding to W graded sheaf W˜. It is defined in the following way:
W˜ =
⊕
p≥0
W˜p, where W˜p =W(p)/W(p+1). (12)
Here W(p) = J
pW and J is the sheaf of ideals in OB generated by odd
elements. Clearly, W˜ is the Z-graded sheaf of FB0-modules, where FB0 is
the structure sheaf of the underlying space B0. By Proposition 2 we get the
following result.
Proposition 3. Assume that the base space S0 of the fiber S is compact.
Then W˜0 is a locally free sheaf of FB0-modules and any fiber of the corre-
sponding vector bundle is isomorphic to v(S).
Denote by W0 the vector bundle corresponding to the locally free sheaf
W˜0. To calculate the Lie superalgebra of holomorphic vector fields on isotropic
flag supermanifolds we will use Proposition 1 and the following result.
Theorem 3. [V3] Consider the flag supermanifold M = Fk|l. Assume that
(k|l) 6= (m, . . . ,m, ks+2, . . . , kr|l1, . . . , ls, 0, . . . , 0),
(k|l) 6= (k1, . . . , ks, 0, . . . , 0|n, . . . , n, ls+2, . . . , lr),
(13)
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for any s ≥ 0. Then OM(M0) = C. Otherwise OM(M0) =
∧
(mn), where∧
(mn) is the Grassmann algebra with mn generators.
5 The Borel-Weil-Bott Theorem
Further we will use the Borel-Weil-Bott Theorem to compute the vector
space of global sections of locally free sheaves. Details about the Borel-
Weil-Bott Theorem can be found for example in [A]. Recall that this the-
orem is used to compute cohomology group with values in a homogeneous
holomorphic bundle over a product of classical or isotropic flag manifolds.
For completeness we formulate this theorem here adapting to our notations.
First of all we need to describe the underlying space of an isotropic super-
Grassmannian of maximal type.
ospm|2n(C)-super-Grassmannians of maximal type. Consider the isotropic
super-Grassmanian of maximal type Fem,s|2n,n, where m = 2s or 2s + 1. De-
note by Ge2s ≃ SO2s(C)×Sp2n(C) the underlying space of the Lie supergroup
OSp2s|2n(C) and by P
e
2s the parabolic subgroup in G
e
2s that contains all ma-
trices in the following form:

A1 0 0 0
C1 (A
T
1 )
−1 0 0
0 0 A2 0
0 0 C2 (A
T
2 )
−1

 , (14)
where A1 ∈ GLs(C) and A2 ∈ GLn(C). We also denote by Re2s the reductive
part of P e2s. Clearly, R
e
2s ≃ GLs(C) × GLn(C). The underlying manifold of
Fe2s,s|2n,n is isomorphic to G
e
2s/P
e
2s. We see that it is a product of two isotropic
Grassmannians.
Further, the underlying manifold of Fe2s+1,s|2n,n is isomorphic to the ho-
mogeneous space Ge2s+1/P
e
2s+1, where G
e
2s+1 ≃ SO2s+1(C) × Sp2n(C) is the
underlying space of OSp2s+1|2n(C)red and P
e
2s+1 is the parabolic subgroup in
Ge2s+1 that contains all matrices in the following form:

A1 0 0 0 0
C1 (A
T
1 )
−1 G 0 0
H 0 1 0 0
0 0 0 A2 0
0 0 0 C2 (A
T
2 )
−1

 . (15)
Here A1 ∈ GLs(C) and A2 ∈ GLn(C). The reductive part Re2s+1 of P
e
2s+1 has
the form Re2s+1 ≃ GLs(C)×GLn(C).
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pispn(C)-super-Grassmannians of maximal type. The underlying mani-
fold of the isotropic super-Grassmannian of maximal type Fon,s|n,t, where
s + t = n, is the usual Grassmannian Fn,s, see [Man, OS3]. It is isomorphic
to Go/P o, where Go ≃ GLn(C) is the underlying space of ΠSpn(C) and P
o
is the parabolic subgroup in Go that contains all matrices in the following
form: 

A1 0 0 0
C1 B1 0 0
0 0 (AT1 )
−1 D1
0 0 0 (BT1 )
−1

 , (16)
where A1 ∈ GLt(C) and B1 ∈ GLs(C). The reductive part of P o has the
form Ro ≃ GLt(C)×GLs(C).
To use the Borel-Weil-Bott Theorem we need to fix Cartan subalgebras
and root systems.
Cartan subalgebras and root systems. In the Lie algebra osp2s|2n(C)0¯ =
so2s(C)⊕ sp2n(C) we fix the following Cartan subalgebra
t(osp2s|2n(C)0¯) = t0(so2s(C))⊕ t1(sp2n(C)),
where
t0(so2s(C)) = {diag(µ1, . . . , µs,−µ1, . . . ,−µs)},
t1(sp2n(C)) = {diag(λ1, . . . , λn,−λ1, . . . ,−λn)}.
We fix the following system of positive roots:
∆+(osp2s|2n(C)0¯) = ∆
+
1 (so2s(C)) ∪∆
+
2 (sp2n(C)),
where
∆+1 (so2s(C)) = {µi − µj, µi + µj, i < j},
∆+2 (sp2n(C)) = {λp − λq, p < q, λp + λq, p ≤ q},
and the following system of simple roots
Φ(osp2s|2n(C)0¯) = Φ1(so2s(C)) ∪ Φ2(sp2n(C)),
where
Φ1(so2s(C)) = {α1, ..., αs}, αi = µi − µi+1, i = 1, . . . , s− 1, αs = µs−1 + µs,
Φ2(sp2n(C)) = {β1, ..., βn}, βj = λj − λj+1, j = 1, . . . , n− 1, βn = 2λn.
In osp2s+1|2n(C)0¯ = so2s+1(C)⊕ sp2n(C) we fix the following Cartan sub-
algebra
t(osp2s+1|2n(C)0¯) = t0(so2s+1(C))⊕ t1(sp2n(C)),
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where
t0(so2s+1(C)) ={diag(µ1, . . . , µs, 0,−µ1, . . . ,−µs)},
t1(sp2n(C)) ={diag(λ1, . . . , λn,−λ1, . . . ,−λn)}.
We fix the following system of positive roots:
∆+(osp2s+1|2n(C)0¯) = ∆
+
1 (so2s+1(C)) ∪∆
+
2 (sp2n(C)),
where
∆+1 (so2s+1(C)0¯) = {µi − µj , µi + µj, i < j, µi, },
∆+2 (sp2n(C)) = {λp − λq, p < q, λp + λq, p ≤ q},
and the following system of simple roots
Φ(osp2s+1|2n(C)0¯) = Φ1(so2s+1(C)) ∪ Φ2(sp2n(C)),
where
Φ1(osp2s+1(C)) = {α1, ..., αs}, αi = µi − µi+1, i = 1, . . . , s− 1, αs = µs,
Φ2(sp2n(C)) = {β1, ..., βn}, βj = λj − λj+1, j = 1, . . . , n− 1, βn = 2λn.
In pispn(C)0¯ = gln(C) we fix the following Cartan subalgebra
t(pispn(C)0¯) = {diag(µ1, . . . , µn)},
the following system of positive roots:
∆+(pispn(C)0¯) = {µi − µj, i < j}
and the following system of simple roots
Φ(pispn(C)0¯) = {α1, ..., αn−1}, αi = µi − µi+1.
Let g = ospm|2n(C) or pispn(C). Denote by t(g0¯)
∗(R) the real subspace
in t(g0¯)
∗ spanned by (µj , λi) or by (µj). Consider in t(g0¯)
∗(R) the scalar
product ( , ) such that the vectors (µj , λi) or (µj) form an orthonormal basis.
An element γ ∈ t(g0¯)
∗(R) is called dominant if (γ, α) ≥ 0 for all positive
roots α ∈ ∆+(g0¯).
Let G = Gem, where m = 2s or 2s + 1, or G
o. In other words, G =
OSpm|2n(C)red, where m = 2s or 2s+1, or ΠSpn(C)red. We also put P = P
e
m,
where m = 2s or 2s + 1, or P o, and R = Rem, where m = 2s or 2s + 1,
or Ro. Let Eϕ → M = G/P be a homogeneous holomorphic vector bundle
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corresponding to a representation ϕ of P in the fiber E = (Eϕ)P of Eϕ at the
point P . (An introduction to the theory of homogeneous holomorphic vector
bundles can be found in [A].) We denote by Eϕ the shaef of holomorphic
sections of Eϕ.
Theorem 4. [Borel-Weil-Bott]. Assume that the representation ϕ : P →
GL(E) is completely reducible and λ1, ..., λs are highest weights of ϕ|R. Then
the G-moduleH0(G/P, Eϕ) is isomorphic to the sum of irreducible G-modules
with highest weights λi1 , ..., λit , where λia are dominant highest weights.
6 Vector fields on super-Grassmannians
Let us repeat briefly main definitions from the theory of homogeneous
supermanifolds. An action of a Lie supergroup G on a supermanifold M is
called transitive if the underlying action of the Lie group G0 is transitive on
the underlying space M0 of M and the corresponding action of the Lie su-
peralgebra is also transitive, see [V3] for details. A supermanifoldM is called
homogeneous if it possesses a transitive action of a certain Lie supergroup.
From Formulas (9) we can deduced that the flag supermanifolds Fk|l,
Fek|l and F
o
k|l are homogeneous with respect to the action (9) of the Lie
supergroups G = GLm|n(C), OSpm|2n(C) and ΠSpn(C), respectively. Indeed,
the underlying action of G0 is transitive, because it is just the standard
action of G0 on a (isotropic) flag manifold. The corresponding action of
the Lie superalgebra is also transitive. For instance this can be explicitly
verified using our local coordinates, see also [V3]. Further, the actions of Lie
supergroups OSpm|2n(C) and ΠSpn(C) induce the following Lie superalgebra
actions
µe : ospm|2n(C)→ v(F
e
k|l) and µ
o : pispn(C)→ v(F
o
k|l),
respectively. We will prove that with some exceptional cases µe and µo are
isomorphisms.
The Lie superalgebras of holomorphic vector fields on isotropic super-
Grassmannians corresponding to OSpm|2n(C) and ΠSpn(C) were calculated
in [OS2, OS3].
Theorem 5. Let r = 1.
1. Assume that m = 2k1 and n = 2l1, i.e the super-Grassmannian
Fem,k1|n,l1 is of maximal type. If k1 ≥ 1 and l1 ≥ 1, then the homomorphism
µe : ospm|n(C)→ v(F
e
m,k1|n,l1)
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is in fact an isomorphism. Moreover, if k1 ≥ 2 and l1 ≥ 1 the super-
Grassmannian Fem−1,k1−1|n,l1 is isomorphic to a connected component of the
super-Grassmannian Fem,k1|n,l1.
2. Assume that n = k1 + l1, i.e the super-Grassmannian F
o
n,k1|n,l1
is of
maximal type. If k1 ≥ 3, l1 ≥ 2, then the homomorphism
µo : pispn(C)→ v(F
o
n,k1|n,l1).
is in fact an isomorphism.
The Lie superalgebra of holomorphic vector fields on the super-Grass-
mannian Fm,k1|n,l1 corresponding to glm|n(C) was computed in [Bun, OS1,
O2, Ser], see also [V1]. The case of flag supermanifolds corresponding to
glm|n(C) was studied in [V1]. The case of super-Grassmannian corresponding
to qn(C) can be found in [O1], and the case of flag supermanifolds of this
type can be found in [V2].
7 Vector fields on isotropic flag supermani-
folds
Assume that r > 1. From now on we consider isotropic supermanifolds of
maximal type. As we have seen in Section 4 the isotropic flag supermanifold
Me := Fek|l (or M
o := Fok|l) is a superbundle. We denote by B
e and Se (or
by Bo and So) its base space and its fiber, respectively. In other words we
put
Me = Fek|l, B
e = Fek0,k1|l0,l1 and S
e = Fk′|l′
for ospm|2n(C)-flag supermanifolds, and
Mo = Fok|l, B
o = Fok0,k1|l0,l1 and S
o = Fk′|l′
for pispn(C)-flag supermanifolds. Note that in both cases the fiber is a usual
glk1|l1(C)-flag supermanifold.
7.1 Plan of the proof
Consider the case of osp2m|2n(C)-flag supermanifolds. Assume that we do
not have non-constant holomorphic functions on the fiber Se, i.e. OSe(Se0) =
C. Then by Proposition 1, the projection Me → Be determines the ho-
momorphism of Lie superalgebras Pe : v(Me) → v(Be). This projection is
OSp2m|2n(C)-equivariant. Hence for the Lie superalgebra homomorphisms
µe : osp2m|2n(C)→ v(M
e) and µeB : osp2m|2n(C)→ v(B
e)
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we have µeB = P
e ◦ µe. Assuming conditions of Theorem 5, the homomor-
phisms µeB and hence the homomorphism P
e is surjective. In case if Pe is
also injective we have
µe = (Pe)−1 ◦ µeB (17)
is surjective and therefore v(Me) ≃ osp2m|2n(C). Hence our goal is to prove
that Pe is injective. For pispn(C)-flag supermanifolds the idea is similar.
In the case of osp2m−1|2n(C)-flag supermanifolds a similar argument does
not work since µeB : osp2m−1|2n(C)→ v(B
e) is not surjective, see Theorem 5.
This case we will consider in a separate paper.
7.2 Vector bundles We0 and W
o
0
In Section 4 we defined the locally free sheaf W˜0 for any superbundle
M. Denote by W˜e0 and W˜
o
0 the locally free sheaves corresponding to the
superbundles Fek|l and F
o
k|l, respectively. We denote also by W
e
0 and W
o
0
the corresponding to W˜e0 and W˜
o
0 vector bundles over B
e
0 = G
e
m/P
e
m and
Bo0 = G
o/P o, respectively. Our goal now is to compute the vector space of
global sections ofWe0 andW
o
0 using Theorem 4. Note that the vector bundles
We0 and W
o
0 are homogeneous because the sheaves W˜
e
0 and W˜
o
0 possess the
natural actions of the Lie groups OSpm|2n(C)red and ΠSpn(C)red, respectively.
Let us compute the corresponding toWe0 andW
o
0 representations of P
e
m and
P o.
7.3 Representations of P e2m and P
o
Consider the local chart on the super-Grassmannian Be of maximal type
corresponding to
Ie10¯ = {m− k1 + 1, . . . , m} and I
e
11¯ = {n− l1 + 1, . . . , n}, (18)
where m = 2k1 and n = 2l1, and the local chart on the super-Grassmannian
Bo of maximal type corresponding to
Io10¯ = {n− k1 + 1, . . . , m} and I
o
11¯ = {1, . . . , l1}, (19)
where k1 + l1 = n. We put I
e
1 = (I
e
10¯, I
e
11¯) and I
o
1 = (I
o
10¯, I
o
11¯). The coordinate
matrices ZIe
1
and ZIo
1
in this cases have the following form, respectively.
1. ZIe
1
=


X1 Ξ1
Ek1 0
−Ξt1 Y1
0 El1

 , 2. ZIo1 =


X1 Ξ1
Ek1 0
0 El1
H1 −X t1

 . (20)
15
1. Here X1, Y1 are matrices of size k1 × k1 and l1 × l1, respectively, that
contain even coordinates, and Ξ1 is a matrix of size k1× l1, that contains odd
coordinates. Moreover we have X t1 = −X1 and Y
t
1 = Y1. 2. X1 is a matrix
of size l1× k1 that contains even coordinates, and Ξ1, H1 are matrices of size
l1 × l1 and k1 × k1, respectively, that contain odd coordinates. Moreover we
have Ξt1 = Ξ1, H
t
1 = −H1.
Denote by xe the point in Be0 defined by the following equations
X1 = 0, Y1 = 0, Ξ1 = 0,
and by xo the point in Bo0 defined by the following equations
X1 = 0, Ξ1 = 0, H1 = 0.
It is easy to see that the Lie groups P e2m and P
o, see (14) and (16), are
stabilizers of xe and xo, respectively. Recall that we denoted by Re2m and R
o
the reductive parts of P e2m and P
o, respectively.
Let us compute the representation ψe and ψo of P e2m and P
o in the fibers
(We0)P e2m and (W
o
0)P o, respectively. We identify (W
e
0)P e2m (or (W
o
0)P o) with
the Lie superalgebra of holomorphic vector fields v(Se) (or v(So)), see Propo-
sition 3. Let us choose an atlas onMe andMo defined by Ie1 and I
o
1 , as above,
and by certain Ies , s = 2, . . . , r and I
o
s , s = 2, . . . , r. In notations (20) the Lie
groups P e2m and P
o act at xe and xo in the chart on the super-Grassmannians
Be and Bo defined by ZIe
1
and ZIo
1
in the following way:
1.


A1 0 0 0
C1 (A
T
1 )
−1 0 0
0 0 A2 0
0 0 C2 (A
T
2 )
−1




0 0
Ek1 0
0 0
0 El1

 =


0 0
(AT1 )
−1 0
0 0
0 (AT2 )
−1

 ,
2.


A1 0 0 0
C1 B1 0 0
0 0 (AT1 )
−1 D1
0 0 0 (BT1 )
−1




0 0
Ek1 0
0 El1
0 0

 =


0 0
B1 0
0 (A−11 )
T
0 0

 .
(Note that a chart on Be is defined by ZIe
1
, and a chart on the whole flag
supermanifold Me is defined by ZIes , where s = 1, . . . , r. The same holds for
Mo.) Further, for ZIe
2
and ZIo
2
, we have
1.
(
(AT1 )
−1 0
0 (AT2 )
−1
)(
X2 Ξ2
H2 Y2
)
=
(
(AT1 )
−1X2 (A
T
1 )
−1Ξ2
(AT2 )
−1H2 (A
T
2 )
−1Y2
)
,
2.
(
B1 0
0 (AT1 )
−1
)(
X2 Ξ2
H2 Y2
)
=
(
B1X2 B1Ξ2
(AT1 )
−1H2 (A
T
1 )
−1Y2
)
.
(21)
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Note that the local coordinates of ZIes , s ≥ 2, (or ZIos , s ≥ 2) can be
interpreted as local coordinates on the fiber Se (or So) of the superbundle
Me (or Mo). Hence to obtain the actions of P e2m and P
o we use (21) and
modify ZIes and ZIos , s ≥ 3, accordingly. We see that the nilradicals of P
e
2m
and P o act trivially on Se and So. Further, the action of the reductive parts
Re2m and R
o coincide with the restriction
1. of Re2m on the subgroup GLk1(C)×GLl1(C) that acts on S
e as the com-
position of the standard action of GLk1|l1(C)red, see (9), and
GLk1(C)×GLl1(C)→ GLk1(C)×GLl1(C), (A1, A2) 7→ ((A
T
1 )
−1, (AT2 )
−1);
2. of Ro on the subgroup GLk1(C)×GLl1(C) that acts on S
o as a composition
of the standard action of GLk1|l1(C)red, see (9), and
GLk1(C)×GLl1(C)→ GLk1(C)×GLl1(C), (B1, A1) 7→ (B1, (A
T
1 )
−1).
Assume that
v(Se) ≃ v(So) ≃ glk1|l1(C)/〈Ek1+l1〉 =
{(
Z1 T1
T2 Z2
)
+ < Ek1+l1 >
}
,
where Z1 ∈ glk1(C) and Z2 ∈ gll1(C). Then
1. the representation ψe of Re2m on v(S
e) is determined by(
(AT1 )
−1 0
0 (AT2 )
−1
)((
Z1 T1
T2 Z2
)
+ < Ek1+l1 >
)(
AT1 0
0 AT2
)
=(
(AT1 )
−1Z1A
T
1 (A
T
1 )
−1T1A
T
2
(AT2 )
−1T1A
T
1 (A
T
2 )
−1Z2A
T
2
)
+ < Ek1+l1 >;
where A1 ∈ GLk1(C), A2 ∈ GLl1(C);
2. the representation ψo of Ro on v(So) is determined by(
B1 0
0 (AT1 )
−1
)((
Z1 T1
T2 Z2
)
+ < Ek1+l1 >
)(
B−11 0
0 AT1
)
=(
B1Z1B
−1
1 B1T1A
T
1
(AT1 )
−1T1B
−1
1 (A
T
1 )
−1Z2A
T
1
)
+ < Ek1+l1 >,
where B1 ∈ GLk1(C), A1 ∈ GLl1(C).
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Denote by ρ1 and ρ2 the standard representations of GLk1(C) and GLl1(C)
on Ck1 and Cl1 , respectively, and by Ad1 and Ad2 the adjoint representations
of GLk1(C) and GLl1(C) on slk1(C) and sll1(C), respectively. We also denote
by 1 the one dimensional trivial representation of GLk1(C) × GLl1(C). We
have proved the following lemma.
Lemma 1. The representations ψe and ψo of P e2m and P
o in the fibers
(We0)P e2m and (W
o
0)P o, respectively, are completely reducible. If v(S) ≃
glk1|l1(C)/〈Ek1+l1〉, then
1.
ψe|Re2m =


Ad1+Ad2+ρ
∗
1 ⊗ ρ2 + ρ1 ⊗ ρ
∗
2 + 1 for k1, l1 > 0,
Ad1 for k1 > 0, l1 = 0,
Ad2 for k1 = 0, l1 > 0.
(22)
2.
ψo|Ro =


Ad1+Ad2+ρ1 ⊗ ρ2 + ρ∗1 ⊗ ρ
∗
2 + 1 for k1, l1 > 0,
Ad1 for k1 > 0, l1 = 0,
Ad2 for k1 = 0, l1 > 0.
(23)
Further we will use the charts Ue and Uo on Fek|l and F
o
k|l defined by
Ies = I
e
s0¯ ∪ I
e
s1¯ and I
o
s = I
o
s0¯ ∪ I
o
s1¯, where I
e
1¯i
and Io
1¯i
are as above, and
Ies0¯ = I
o
s0¯ = {ks−1 − ks + 1, . . . , ks−1}, I
e
s1¯ = I
o
s1¯ = {ls−1 − ls + 1, . . . , ls−1}
for s ≥ 2. The coordinate matrices of these charts have the following form
ZIes = ZIos =


Xs Ξs
Eks 0
Hs Ys
0 Els

 , s = 2, . . . , r,
where again the local coordinates are Xs = (x
s
ij), Ys = (y
s
ij), Ξs = (ξ
s
ij) and
Hs = (η
s
ij).We denote by U
e
Be and by U
o
Bo the corresponding charts on B
e and
Bo, respectively. In other words, UeBe and U
o
Bo are given by (20).
The proofs of the following two lemmas are similar to the proof of Lemma
2 and Lemma 3 in [V1].
Lemma 2. The following vector fields 1. ∂
∂ξ1
ij
, 2. ∂
∂ξ1
ij
, ∂
∂η1
ij
are fundamen-
tal. That is they are induced by the natural actions of Lie supergroups
OSp2m|2n(C) and ΠSpn(C) on F
e
k|l and F
o
k|l, respectively.
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Lemma 3. Assume that KerP 6= {0}. Then dimWe(0)(B
e
0) > dimW
e
(1)(B
e
0)
and dimWo(0)(B
o
0) > dimW
o
(1)(B
o
0).
Here We and Wo are locally free sheaves as in Section 4 corresponding
to superbundles Fek|l and F
o
k|l, respectively.
Now we need the following lemma.
Lemma 4. Assume that OSe(S
e
0) ≃ C, OSo(S
o
0) ≃ C, v(S
e) ≃ pglk1|l1(C)
and v(So) ≃ pglk1|l1(C). Then
W˜0(B
e
0) ≃


C, k1 > 2, l1 ≥ 1;
C⊕ r1, k1 = 2, l1 ≥ 1;
C⊕ r2, k1 = 1, l1 > 1,
where r1 is the so4(C) ⊕ spn(C)-module with the highest weight µ1 − µ2,
r2 is the sp2l1(C)0¯-module with the highest weight λ1 and C is the trivial
som(C)⊕ spn(C)-module that corresponds to the highest weight 0.
Further we have
W˜0(B
o
0) ≃


C, k1 > 1, l1 > 1;
C⊕ r1, k1 = 1, l1 > 1;
C⊕ r2, k1 > 1, l1 = 1,
where r1 is the sln(C)-module with the highest weight −µl1 − µl1+1, r2 is the
sln(C)-module with the highest weight µ1+µ2, C is the trivial sln(C)-module
that corresponds to the highest weight 0.
Proof. 1. We compute the vector space of global sections of We0 using
Theorem 4. The representation ψe of the Lie group P e2m was computed in
Lemma 1. It follows that the highest weights of ψe have the following form:
• µ1 − µk1, µ1 − λl1 , λ1 − µk1, λ1 − λl1 , 0 for k1 > 1, l1 > 1;
• µ1 − λl1 , λ1 − µ1, λ1 − λl1 , 0 for k1 = 1, l1 > 1;
• µ1 − µk1, µ1 − λ1, λ1 − µk1, 0 for k1 > 1, l1 = 1;
• µ1 − λ1, λ1 − µ1, 0 for k1 = 1, l1 = 1.
(Note that we have k1 > 0 and l1 > 0, since otherwise m = 0 or n = 0.)
Therefore the dominant weights of ψe are:
• 0, if k1 > 2, l1 ≥ 1;
• 0, µ1 − µk1, if k1 = 2, l1 ≥ 1;
• 0, λ1 − µ1, if k1 = 1, l1 > 1;
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• 0, λ1−µ1, if k1 = 1, l1 = 1. This case we will not consider further since
if k1 = 1, l1 = 1 we have OSe(Se0) 6= C, see Theorem 3.
By the Borel-Weil-Bott Theorem we get the result.
2. Again we use the Borel-Weil-Bott Theorem to compute the vector
space of global sections of Wo0. The representation ψ
o of the Lie group P o
was computed in Lemma 1. It follows that the highest weights of ψo have
the following form:
• µl1+1 − µn, µl1+1 + µ1, −µn − µl1 , µ1 − µl1 , 0 for k1 > 1, l1 > 1;
• µl1+1 + µ1, −µl1 − µl1+1, µ1 − µl1, 0 for k1 = 1, l1 > 1;
• µ2 − µn, µ2 + µ1, −µn − µ1, 0 for k1 > 1, l1 = 1;
• µ1 + µ2, −µ2 − µ1, 0 for k1 = 1, l1 = 1.
(Note that by definition of Fok|l we have k1 > 0 and l1 > 0. Indeed, if for
example k1 = 0, then l1 = n and F
o
k|l is isomorphic to a point.) Therefore
the dominant weights of ψo are:
• 0, if k1 > 1, l1 > 1;
• 0, −µl1 − µl1+1, if k1 = 1, l1 > 1;
• 0, µ1 + µ2, if k1 > 1, l1 = 1;
The case k1 = 1 and l1 = 1 we will not consider further since in this case we
have OSo(So0) 6= C, see Theorem 3. By the Borel-Weil-Bott Theorem we get
the result.
7.4 Main results
Now we are ready to prove the following two theorems.
Theorem 6. Assume that r > 1, m = k1 and n = l1. If OSe(S
e
0) ≃
C, v(Fe2m,k1|2n,l1) ≃ osp2m|2n(C) and v(S
e) ≃ pglk1|l1(C), then v(F
e
k|l) ≃
osp2m|2n(C).
Proof. Consider the super-stabilizer Pe2m ⊂ OSp2m|2n(C) of x
e. It contains
all super-matrices of the following form:

A1 0 C11 0
C1 (A
T
1 )
−1 C21 C22
−CT22 0 A2 0
CT21 C
T
11 C2 (A
T
2 )
−1

 , (24)
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where the size of the matrices is as in (14). Denote by L the Lie subsuper-
group in Pe2m defined by the following submatrix.(
(AT1 )
−1 C22
CT11 (A
T
2 )
−1
)
.
We see that L ≃ GLk1|l1(C). And if we replace (A
T
1 )
−1 by W1 ∈ GLk1(C)
and (AT2 )
−1 by W2 ∈ GLl1(C) we will see that L acts (W
e
0)xe ≃ pglk1|l1(C) in
the standard way. In other words, (We0)xe ≃ pglk1|l1(C) is isomorphic to the
adjoint l-module, where l ≃ glk1|l1(C) is the Lie superalgebra of L.
Now we repeat the argument used in [V1]. Let pi :We → W˜e0 =W
e/We(1)
be the natural map and pixe : We → (We0)xe be the composition of pi and
of the evaluation map at the point xe. We have the following commutative
diagram:
We(B0)
[X, · ]
−−−→ We(B0)
pixe
y pixey
(We0)xe
[X, · ]
−−−→ (We0)xe
,
where X ∈ l. (Note that the vector space We(B0) is an ideal in v(Me)
and in particular it is invariant with respect to the action of L.) Denote
by V the image pixe(We(B0)). From the commutativity of this diagram it
follows that V ⊂ (We0)xe ≃ pglk1|l1(C) is invariant with respect to the adjoint
representation of pglk1|l1(C). Therefore, V is an ideal in pglk1|l1(C).
Analyzing ideals in pglk1|l1(C), we see that V ⊂ Im(γ), where γ : W˜
e
0(B0)→
(We0)xe is the evaluation map, never coincides with non-trivial ideals. Hence,
V = {0}. In other words, we proved that all sections of pi(We(B0)) are
equal to 0 at the point xe. Since We0 is a homogeneous bundle, we get that
sections from pi(We(B0)) are equal to 0 at any point. Therefore, we have
pi(We(B0)) = {0} and We(B0)(0) ≃ We(B0)(1). From Lemma 3, it follows
that KerP = {0}.
We have proved the following theorem.
Theorem 7. Assume that r > 1, m = k1, n = l1; the conditions (13) hold;
k1 ≥ 1, l1 ≥ 1 and v(Fk′|l′) ≃ pglk1|l1(C). Then v(F
e
k|l) ≃ osp2m|2n(C).
Theorem 8. Assume that r > 1 and n = k1 + l1. If OSo(So0) ≃ C,
v(Fon,k1|n,l1) ≃ pispn(C) and v(S
o) ≃ pglk1|l1(C), then v(F
o
k|l) ≃ pispn(C).
Proof. Consider the super-stabilizer Po ⊂ ΠSpn(C) of x
o. It contains all
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super-matrices of the following form:

A1 0 0 C12
C1 B1 C
T
12 C22
D11 D12 (A
T
1 )
−1 −C1
−DT12 0 0 (B
T
1 )
−1

 , (25)
where the size of the matrices is as in (16). Denote by L the Lie subsuper-
group in P defined by the following coordinate matrix.(
B1 C22
D12 (B
T
1 )
−1
)
.
We see that L ≃ GLk1|l1(C). And if we replace (B
T
1 )
−1 by W1 ∈ GLl1(C)
we will see that L acts (Wo0)xo ≃ pglk1|l1(C) in the standard way. In other
words, (Wo0)xo ≃ pglk1|l1(C) is isomorphic to the adjoint l-module, where
l ≃ glk1|l1(C) is the Lie superalgebra of L. The rest of the proof is similar to
the proof of Theorem 6.
We have proved the following theorem.
Theorem 9. Assume that n = k1 + l1; the conditions (13) hold; v(Fk′|l′) ≃
pglk1|l1(C) and k1 ≥ 3, l1 ≥ 2. Then v(F
o
k|l) ≃ pispn(C).
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